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Abstract.  Inhomogeneous  space-times  in  loop  quantum  cosmology  have  come  under  better  control  with  recent  advances  in 
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INTRODUCTION 

The  question  of  whether  there  is  one  universe  or  a  col¬ 
lection  of  different  ones  in  a  multiverse  is  inherently  in¬ 
homogeneous,  and  therefore  requires  any  quantum  cos¬ 
mological  treatment  to  go  beyond  the  common  minisu¬ 
perspace  constructions.  It  remains  extremely  difficult  to 
address  in  theories  such  as  loop  quantum  gravity,  which 
do  not  yet  give  rise  to  reliable  intuitive  and  tractable 
phenomena  in  anything  but  the  simplest  models.  Nev¬ 
ertheless,  recent  progress  on  effective  descriptions  of 
loop  quantum  gravity  has  revealed  general,  perhaps  even 
universal,  effects  at  high  curvature,  which  can  be  used 
to  test  whether  the  theory  makes  it  likely  for  the  re¬ 
quired  structures  of  a  multiverse  to  form.  Quite  surpris¬ 
ingly,  the  cosmological  scenarios  based  on  these  new 
results  are  entirely  unlike  anything  that  has  been  imag¬ 
ined  in  most  homogeneous  models  of  cosmology.  Some 
quantum-geometry  effects  can  be  so  strong  at  high  den¬ 
sity  that  they  trigger  signature  change,  an  implication 
which  has  been  overlooked  for  several  years  because  it 
can  only  be  seen  when  inhomogeneity  is  implemented 
consistently.  Consequences  for  a  possible  multiverse  are 
discussed  in  this  article. 


BIG-BANG  SINGULARITY 

In  isotropic  loop  quantum  cosmology  [1,  2],  the  wave 
function  y/u ,  in  terms  of  a  geometrical  variable  /i  quan¬ 
tizing  the  spatial  volume  or  the  scale  factor,  can  be  ex¬ 
tended  to  a  universe  before  the  big  bang,  according  to  a 
difference  equation  of  the  form 

C+  (p )  W+l  -  Co  0 )  W  +  C-  (jU )  W 1  =  ffmatterO )  1 j/M  . 
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Following  the  recurrence,  the  wave  function  is  evolved 
through  11=0,  the  classical  singularity  [3, 4].  Departures 
not  only  from  classical  dynamics  but  also  from  the  con¬ 
tinuous  Wheeler-DeWitt  equation  arise  because  there 


are  strong  “holonomy  modifications”  at  nearly  Planck- 
ian  density,  to  be  discussed  in  more  detail  later  in  this 
article.  These  corrections  provide  the  terms  by  which  the 
difference  operator  on  the  left-hand  side  of  (2)  differs 
from  a  second-order  derivative  by  fi  as  it  appears  in  the 
Wheeler-DeWitt  equation.  If  finite  shifts  in  the  differ¬ 
ence  operator  are  Taylor-expanded,  a  series  of  higher- 
order  corrections  in  the  momentum  of  /i  (a  curvature 
component)  is  obtained  [5],  Holonomy  modifications 
therefore  contribute  to  higher-curvature  corrections  ex¬ 
pected  in  any  quantum  theory  of  gravity,  but  they  lack 
higher  time  derivatives  and  therefore  do  not  provide  com¬ 
plete  curvature  terms. 

Motivated  by  the  use  of  holonomies  instead  of  con¬ 
nection  components  in  the  full  theory  of  loop  quantum 
gravity,  holonomy  modifications  replace  the  Hubble  pa¬ 
rameter  H  by  a  bounded  function  sin (£H)/£  in  a  modi¬ 
fied  Friedmann  equation 

sin  ((H)2  SnG 
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with  an  ambiguity  parameter  1  of  the  dimension  of  length 
(possibly  related  to  the  Planck  length).  Using  this  mod¬ 
ified  Friedmann  equation,  one  obtains  in  simple  models 
an  effective  picture  of  singularity  resolution  given  by  a 
bounce  [6]:  Clearly,  the  energy  density  for  solutions  to 
(2)  must  always  remain  bounded. 

Note  that  higher-order  corrections  in  an  expansion  of 
sin (£H)2/£2  ~  H2{  1  +0(£2H2))  are  indeed  of  the  same 
size  as  usually  expected  for  higher-curvature  corrections, 
given  by  the  matter  density  divided  by  something  close 
to  the  Planck  density.  However,  (2)  ignores  higher  time 
derivatives  which  should  be  of  similar  size  as  they,  too, 
contribute  to  higher  curvature  terms.  As  long  as  these 
terms  are  ignored,  one  cannot  use  (2)  at  high  density,  near 
the  maximum  of  the  sine  function,  and  it  remains  unclear 
whether  loop  quantum  cosmology  generically  gives  rise 
to  bounces  as  an  effective  picture  of  its  singularity  res¬ 
olution.  In  some  models  with  specific  matter  content  (a 


free  massless  scalar  or  kinetic  domination),  one  can  show 
that  higher  time  derivatives  are  absent  or  small  [7].  There 
is  therefore  a  class  of  models  in  loop  quantum  cosmol¬ 
ogy  in  which  the  mechanism  of  singularity  resolution  can 
effectively  be  described  as  a  bounce,  and  we  will  ex¬ 
plore  this  scenario  in  more  detail  here.  Toward  the  end 
of  the  article,  we  will  comment  on  the  entropy  problem 
[8]  which  must  be  addressed  in  any  bounce  model. 

A  bounce,  in  general  terms,  may  give  rise  to  a  mul- 
tiverse  picture,  using  the  following  line  of  arguments: 
Consider  a  collapsing  (part  of  the)  universe.  Inhomo¬ 
geneity  builds  up  as  the  universe  evolves.  If  space  is 
viewed  as  a  patchwork  of  nearly  homogeneous  pieces, 
their  size  must  be  decreased  after  some  time  interval  to 
maintain  a  good  approximation,  a  mathematical  process 
which  can  be  seen  as  describing  the  dynamical  fraction- 
alization  of  space.  These  statements  are  true  in  any  col¬ 
lapsing  universe.  If  one  uses  a  theory  that  gives  rise  to  a 
bounce  mechanism,  denser  patches  that  reach  Planckian 
density  earlier  bounce  first  (assuming  that  homogeneous 
models  are  good  for  the  patch  evolution).  These  bounced 
patches  appear  as  expanding  regions  embedded  within 
a  still-contracting  neighborhood.  Given  the  opposite  ex¬ 
pansion  behaviors,  it  is  difficult  to  imagine  that  they  can 
maintain  causal  contact  with  their  neighborhood.  A  mul- 
tiverse  picture  not  unlike  that  of  bubble  nucleation  in  in¬ 
flation  results,  except  that  there  is  no  analog  of  “bubbles 
within  bubbles”  because  a  patch,  once  it  has  bounced, 
keeps  expanding  and  diluting  for  a  long  time  and  would 
have  to  recollapse  to  trigger  new  bounces. 

Another,  independent  mechanism  that,  too,  starts  with 
general  properties  of  inhomogeneous  collapse  uses  fea¬ 
tures  of  black  holes:  As  inhomogeneity  increases,  black 
holes  may  form  and  grow.  If  the  singularities  they  contain 
classically  are  resolved  in  quantum  gravity,  the  question 
is  where  this  dense  space-time  region  leads  to.  The  in¬ 
terior  space-time  within  the  horizon  of  a  Schwarzschild 
black  hole.  Fig.  1,  can  be  treated  like  cosmological  mod¬ 
els  and  is  resolved  just  like  the  big-bang  singularity  if 
modifications  of  loop  quantum  cosmology  are  used  [9], 
Also  here,  the  presence  of  largely  uncomputed  higher- 
curvature  corrections  means  that  no  effective  space-time 
for  a  non-singular  black  hole  is  known.  But  one  can 
try  to  see  how  a  non-singular,  possibly  bouncing  inte¬ 
rior  could  be  embedded  within  an  inhomogeneous  black- 
hole  space-time.  The  non-singular  interior  may  be  em¬ 
bedded  in  a  spherically  symmetric  exterior  in  different 
ways,  shown  in  Fig.  2.  If  space-time  splits  off  into  a  baby 
universe,  a  causally  disconnected  region  is  obtained,  as 
illustrated  in  Fig.  3.  Multiple  such  processes  provide  a 
multiverse. 

We  need  good  control  on  inhomogeneity  if  we  want  to 
fill  these  scenarios  with  more  details.  This  task  is  difficult 
to  achieve  in  non-perturbative  quantum  gravity,  but  we 
can  use  effective  theory  to  include  the  key  effects  in  a 


singularity 


FIGURE  1.  A  classical  space-time  diagram  for  black-hole 
collapse,  culminating  in  a  singularity  covered  by  a  horizon.  If 
space-time  is  spherically  symmetric,  the  vacuum  part  of  the 
interior  within  the  horizon  takes  on  the  form  of  a  homogeneous 
cosmological  model.  (This  figure  as  well  as  Figs.  2  and  3  are 
taken  from  [10].) 


FIGURE  2.  The  vacuum  interior  region  of  Fig.  1  can  be 
quantized  with  methods  of  loop  quantum  cosmology,  remov¬ 
ing  the  classical  singularity.  The  enlarged,  non-singular  interior 
may  be  embedded  in  spherically  symmetric  space-time  in  two 
causally  different  ways.  (It  is  not  known  at  present  how  pre¬ 
cisely  to  construct  such  embeddings.)  First,  the  post-singularity 
interior  may  open  up  into  a  new  space-time  without  causal  con¬ 
tact  with  the  original  outside  region.  Secondly,  the  interior  may 
re-open  into  the  original  space-time,  spilling  out  its  matter  as 
some  kind  of  black-hole  explosion. 


FIGURE  3.  The  two  alternatives  shown  in  Fig.  2  give  rise 
to  different  space-time  models.  A  baby  universe  is  obtained 
from  every  black  hole  if  the  post-singularity  interior  does  not 
connect  causally  back  to  the  original  space-time.  Many  such 
processes  would  then  give  rise  to  a  multiverse.  If  the  interior 
reconnects  to  the  original  space-time,  black  holes  are  merely 
compact,  extremely  dense  objects  within  a  single  universe. 
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FIGURE  4.  Lorentz  boosts  can  be  viewed  as  linear  deforma¬ 
tions  of  spatial  slices  in  Minkowski  space-time.  Here,  the  stan¬ 
dard  Minkowski  diagram  is  redrawn  with  a  slightly  different 
viewpoint,  focussing  on  equal-time  spatial  slices  in  space-time. 
Tilted  axes  show  how  orthogonality  in  Minkowski  geometry  is 
to  be  represented  after  a  boost  to  (t',xf). 


tractable  model. 


SPACE-TIME  STRUCTURE 

In  order  to  develop  ingredients  for  an  effective  descrip¬ 
tion  of  quantum  space-time  in  loop  quantum  gravity,  we 
begin  with  a  formulation  and  generalization  of  the  rel¬ 
evant  classical  structures.  Classical  space-time  has  as 
symmetries  Poincare  transformations,  which  one  may 
view  as  linear  deformations  of  spatial  slices  in  space- 
time:  we  have  deformations  along  the  normal  n  by 

v-x 

Nix)  =  cAt  H - 

c 

with  time  translations  and  boosts,  see  Fig.  4,  or  within  a 
slice  along  vv(x)  =  Ax  +  Rx  with  spatial  translations  and 
rotations. 
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FIGURE  5.  The  Poincare  algebra  follows  geometrically 
from  combinations  of  deformations  as  in  Fig.  4.  Shown  here 
is  the  example  of  a  (boost,  time-translation)  commutator,  with 
the  two  orderings  shown  at  the  top  and  bottom.  A  normal  de¬ 
formation  by  N\  (x)  =  vx/c  (Lorentz  boost)  and  one  by  Af2(x)  = 
cAt  —  vx/c  (reverse  Lorentz  boost  and  waiting  At)  commute  up 
to  a  spatial  displacement  w(x)  =  Ax  =  vAf,  as  computed  using 
the  small  triangle  with  angle  v/c. 


FIGURE  6.  The  space-time  structure  of  general  relativity 
is  obtained  by  allowing  for  non-linear  deformations  of  spa¬ 
tial  slices.  The  Poincare  algebra  is  replaced  by  the  infinite¬ 
dimensional  hypersurface-deformation  algebra.  Using  classical 
space-time  geometry,  one  can  derive  (3)-(5);  see  e.g.  [12], 


Algebraic  calculations  of  commutators  can  be  re¬ 
placed  by  geometrical  pictures,  such  as  the  one  shown  in 
Fig.  5.  In  this  way,  it  turns  out,  one  is  more  open  to  poten¬ 
tial  modifications  of  the  algebra  due  to  quantum  effects. 
It  is  also  possible  to  extend  the  picture  to  general  rela¬ 
tivity  without  much  effort.  We  simply  view  local  Lorentz 
transformations  or  non-linear  coordinate  changes  as  non¬ 
linear  deformations  of  space,  as  in  Fig.  6.  Instead  of  the 
well-known  commutators  of  the  Poincare  algebra,  we  ob¬ 
tain  the  not-so-well-known  hypersurface-deformation  al¬ 
gebra  of  infinitely  many  generators  (£(vv(x)),  T(N(x))), 
labeled  by  a  vector  field  vv(x)  and  a  function  N(x)  in 
space,  with  [11] 

[A(tvi),A(tv2)]  =  S((w2  ■  V)vv!  —  (vvj  •  V)vv2)  (3) 

[T(N),S(w)]  =  r(w-VAI)  (4) 

[T(Ni),T(N2)]  =  A((ViV(V2-(V2VAi).  (5) 

Hypersurface  deformations  not  only  generalize  the 
Poincare  algebra,  they  also  geometrize  the  dynamics  of 
space-time.  As  shown  by  [13,  14],  second-order  field 


equations  for  metrics,  invariant  under  the  hypersurface- 
deformation  algebra,  must  equal  Einstein’s.  Moreover, 
invariance  under  the  hypersurface-deformation  algebra 
implies  general  covariance. 

All  this  is  classical  physics.  The  problem  of  quantum 
gravity  can  be  approached  by  asking:  How  does  quantum 
physics  change  hypersurface  deformations? 


CANONICAL  GRAVITY 

In  order  to  see  how  quantum  gravity  may  affect  the  re¬ 
lations  (3)-(5),  we  must  find  operators  that  quantize  the 
classical  expressions  of  T(N)  and  S(w).  Posing  the  ques¬ 
tion  in  this  way  suggests  that  canonical  quantum  grav¬ 
ity  might  be  closests  to  answering  it,  and  loop  quan¬ 
tum  gravity  is  currently  the  best-developed  canonical  ap¬ 
proach.  In  this  framework,  computing  the  quantum  ver¬ 
sion  especially  of  (5)  in  complete  detail  remains  chal¬ 
lenging,  but  a  diverse  set  of  methods,  including  but  not 
restricted  to  effective  techniques,  has  during  the  last  few 
years  led  to  mutually  consistent  and  apparently  universal 
results  in  most  of  the  model  systems  usually  considered 
in  general  relativity  [15,  16,  17,  18,  19,  20,  21,  22,  23, 
24];  see  [12,  25]  for  a  general  discussion. 

Since  we  will  be  using  methods  of  loop  quantum 
gravity  [26,  27],  we  describe  space-time  geometry  by  a 
canonical  pair  of  an  su(2)-valued  “electric  field”  E,  and  a 
“vector  potential”  A,  .  (An  under-arrow  indicates  a  covari¬ 
ant  vector,  or  a  1-form.)  The  gravitational  electric  field 
is  a  triad  and  determines  spatial  distances  and  angles  by 
three  orthonormal  vectors  i  =  1,2,3,  at  each  point  in 
space.  The  gravitational  vector  potential  A,  is  a  combi¬ 
nation  of  different  measures  of  curvature  of  space:  the 
Ashtekar-Barbero  connection. 

In  quantum  field  theory,  one  uses  integrated  (smeared) 
fields  to  construct  creation  operators  by  which  one  can 
generate  all  Fock  states  out  of  the  vacuum.  In  loop  quan¬ 
tum  gravity,  the  geometrical  fields  offer  a  natural  smear¬ 
ing  of  A,  along  curves  (exponentiated  to  holonomies) 
and  Ej  over  surfaces  (fluxes).  Loop  quantum  gravity  uses 
holonomies  as  creation  operators  to  construct  a  state 
space.  In  what  follows,  we  illustrate  these  objects  us¬ 
ing  a  U(l)-connection  A  for  simplicity.  Holonomies  are 
then  he  =  exp(/  fpdAA  •  te)  integrated  along  curves  e  in 
space,  with  tangent  7e.  For  every  possible  e,  he  provides 
excitations  of  geometry  along  this  curve:  As  we  will  see 
momentarily,  surfaces  intersected  by  e  gain  area  as  the 
excitation  level  on  e  is  increased. 

To  construct  the  corresponding  quantum  theory,  we 
start  with  a  basic  state  t//o,  t//o(4)  =  1-  Excited  states  are 
obtained  by  acting  with  holonomies: 

(A)  =  hLe\---hkeiWo(A) 


=  =  f|exp(i&e/dA.A-fe), 

e  e  e 


written  in  the  connection  representation.  Many  excita¬ 
tions  along  edges  are  needed  to  obtain  a  macroscopic, 
near-continuum  space-time  region.  Quantum  space-time 
is  realized  when  only  a  small  number  of  curves  e  is  ge¬ 
ometrically  excited,  and  the  action  of  a  single  holon- 
omy  operator  has  strong  implications  on  the  overall  state. 
Holonomy  corrections  to  the  classical  equations,  as  al¬ 
ready  used  in  (2),  are  then  significant. 

Derivative  operators  are  quantized  fluxes  fs  d 2yn  -E  for 
surfaces  S  in  space,  with  co-normal  n.  They  act  by 
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with  the  intersection  number  Int(S,e)  and  the  Planck 
length  fpi  =  \/Gti.  On  the  right-hand  side,  we  sum  only 
integers,  implying  a  discrete  spectrum  for  fluxes.  The 
same  kind  of  discreteness  is  realized  if  we  go  back  to 
SU(2)-valued  fields,  in  which  case  we  simply  replace 
derivatives  by  angular-momentum  operators,  and  inte¬ 
gers  ke  by  spin  quantum  numbers  [28].  Geometry  is  dis¬ 
crete:  for  gravity,  fluxes  with  discrete  spectra  represent 
the  spatial  metric. 


Dynamics 

For  the  discrete  dynamics  of  cosmic  expansion,  one 
must  quantize  the  gravitational  Hamiltonian  (constraint). 
Since  it  depends  on  the  connection  but  only  holonomies 
can  be  represented  as  operators  in  loop  quantum  gravity, 
modifications  as  in  (2)  are  necessary,  but  now  for  the  full 
theory  [29,  30].  The  modified  dynamics  then  takes  into 
account  details  of  how  discrete  space  grows  by  creating 
new  lattice  sites  (atoms  of  space),  changing  the  excitation 
level  of  geometry  as  measured  by  fluxes. 

The  classical  form  of  the  Hamiltonian  is  somewhat 
analogous  to  that  of  Yang-Mills  theory  on  Minkowski 
space-time,  where 

H=Kjd3x{\Ei\2  +  \Bi\2)  (8) 

for  Bi  =  V  x  A;  +  CjjkAj  x  At  (and  structure  constants 
Cijk).  For  gravity  on  any  space-time,  only  showing  the 
crucial  terms, 

H(N)  —  — — - —  f  d3x/V  ^iB,^.Ek  +  _ 

l6nGJ  \lz\'Lijk£ijk{EixEj)-Ek\ 
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(9) 


with  Cijk  =  Eijk ■  The  presence  of  a  free  function  N  in  (9), 
as  opposed  to  (8),  realizes  the  freedom  of  one’s  choice 
of  time  coordinate  in  generally  covariant  theories.  In¬ 
deed,  H(N),  plus  matter  Hamiltonians,  plays  the  role  of 
the  time  deformation  generator  T  (N)  introduced  earlier. 
If  we  can  quantize  H(N)  and  compute  commutators  of 
the  resulting  operators,  we  can  see  if  and  how  (5)  and 
the  space-time  structure  it  encodes  might  change.  Not 
surprisingly,  the  required  calculations  are  rather  com¬ 
plicated  and  remain  incomplete,  but  some  results  are 
known. 

The  form  of  the  Hamiltonian  together  with  proper¬ 
ties  of  the  loop  representation  implies  characteristic  cor¬ 
rections  when  quantized.  We  have  already  mentioned 
higher-order  corrections  resulting  from  an  expansion  of 
holonomies  by  A,,  used  in  place  of  the  classical  B,  in 
(9).  Holonomy  corrections  will  modify  any  gravitational 
Hamiltonian  in  loop  quantum  gravity,  and  therefore  in¬ 
dicate  that  (5)  might  be  quantum  corrected.  However, 
holonomy  corrections  are  not  the  only  ones.  There  is 
also  quantum  back-reaction,  which  is  present  in  any  in¬ 
teracting  quantum  theory  and  gives  rise  to  higher-time 
derivatives  and  curvature  corrections.  In  canonical  quan¬ 
tizations,  effective  techniques  provide  systematic  meth¬ 
ods  to  compute  such  terms  [31,  32,  33],  Note  that  holon¬ 
omy  corrections  and  quantum  back-reaction  (higher-time 
derivatives)  both  depend  on  the  curvature.  The  magni¬ 
tude  of  holonomy  corrections  and  quantum  back-reaction 
therefore  cannot  easily  be  distinguished,  but  their  alge¬ 
braic  features  are  sufficiently  different  from  each  other 
to  disentangle  their  implications  for  quantum  space-time, 
using  the  substitutes  of  (5)  they  imply. 

There  is  a  third  type  of  corrections  in  loop  quantum 
gravity  which  is  easier  to  handle  and  which  we  will 
discuss  first.  We  obtain  inverse-triad  corrections  from 
quantizing  [34] 
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whose  right-hand  side  appears  in  the  Hamiltonian  (9)  but 
cannot  be  quantized  directly,  owing  to  non-existing  in¬ 
verses  of  flux  operators  (7)  with  discrete  spectra  contain¬ 
ing  zero.  The  left-hand  side  of  (10),  on  the  other  hand, 
can  be  quantized  and  is  regular,  but  implies  quantum 
corrections  especially  for  small  flux  eigenvalues;  Fig.  7. 
These  corrections  can  be  computed  explicitly  in  models 
and  provide  an  automatic  cut-off  of  the  1  //(-divergences 
[35,  36,  37].  They  refer  to  flux  eigenvalues  in  relation  to 
the  Planck  scale,  and  are  therefore  independent  of  holon¬ 
omy  and  higher-curvature  corrections  which  depend  on 
the  curvature  scale  or  the  energy  density.  Inverse-triad 
corrections  are  therefore  more  reliable  than  holonomy 
corrections,  given  that  higher-curvature  terms  in  loop 
quantum  gravity  remain  largely  unknown. 
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FIGURE  7.  Inverse-triad  corrections  of  loop  quantum  grav¬ 
ity  imply  a  correction  function  a(fx)  that  depends  on  ratios  jl 
of  flux  eigenvalues  by  the  Planck  area  and  multiplies  any  oc¬ 
currence  of  inverse  triads  for  instance  in  Hamiltonians.  These 
functions  approach  the  classical  limit  a  =  1  from  above  for 
large  fluxes  (coarser  spatial  lattices)  and  cut  off  classical  diver¬ 
gences  by  strong  quantum  corrections  at  small  flux  values.  The 
parameter  r  describes  a  quantization  ambiguity,  which  does  not 
affect  qualitative  features  such  as  a  becoming  small  near  q  =  0 
and  a  approaching  one  from  above  for  (X  °°. 
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Inverse-triad  corrections 


For  any  type  of  corrections,  we  can  study  dynamical 
implications  by  inserting  their  correction  functions  in  the 
classical  Hamiltonian.  For  inverse-triad  corrections,  for 
instance,  we  have 
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[  d3xNa(E,)-kBM 
J  VslL;  ke, 


'Eijk  £ijk  (^i  ^  Ej )  •  Ek 

ljk(Ei  x  Ej)  ■  Ek | 


(11) 

with  a  correction  function  a(Ej)  as  in  Fig.  7.  The 
Hamiltonian  generates  time  translations  as  part  of  the 
hypersurface-deformation  algebra;  when  the  Hamilto¬ 
nian  is  modified,  the  Poisson-bracket  algebra  is  therefore 
different  from  the  classical  one,  (3)-(5).  By  consistency 
conditions  of  gravity  as  a  gauge  theory,  quantum  correc¬ 
tions  deform  but  do  not  violate  covariance  [15],  We  have 


[S(wi),S(w2)] 

[T(N),S(w)] 

[T(Ni),T(N2)] 


S((w2  ■  V)wq  -  (w\  ■  V)w2X12) 
r(vv-VN)  (13) 

S(a2{NiVN2-N2VNi)) .  (14) 


The  algebra  of  hypersurface  deformations  is  deformed, 
and  the  laws  of  motion  on  quantum  space-time  change. 

Repeating  the  construction  in  Fig.  5,  but  using  the  de¬ 
formed  algebra  as  in  Fig.  8,  the  relation  of  a  spatial  dis¬ 
placement  to  the  boost  velocity  is  modified:  Ax  =  a2vAt. 
Discrete  space  speeds  up  propagation.  (According  to 
Fig.  7,  we  have  a  >  1  unless  we  are  in  strong  quantum 


FIGURE  8.  The  hypersurface-deformation  algebra  (14)  in 
the  presence  of  inverse-triad  corrections  modifies  the  classi¬ 
cal  laws  of  motion.  With  the  constructions  in  Fig.  5,  spatial 
displacements  during  a  time  At  at  velocity  v  differ  front  the 
classical  value:  Ax  =  arvAt.  Classical  geometry  can  no  longer 
be  used  to  derive  this  relation,  but  it  can  be  computed  from  the 
commutator  (14)  with  the  functions  N\  and  N2  given  in  Fig.  5. 
Since  a  >  1  in  mildly-modified,  semiclassical  regimes,  the 
displacement  is  larger  than  expected  classically  and  velocities 
seem  to  increase  compared  to  the  expected  v.  Even  the  speed 
of  light  is  larger  than  classically,  but  there  is  still  a  consistent 
causal  structure  [38]  thanks  to  the  closed  algebra  (14). 


regimes  of  small  ti  in  which  additional  corrections  have 
to  be  taken  into  account.) 

Modified  velocities  can  also  be  seen  in  cosmological 
perturbation  equations,  in  which  the  dynamics  of  density 
perturbations  u  and  gravitational  waves  w  now  is  [39] 

—u"  +  s(a)2Au  +  (z"/z)u  =  0,  (15) 

— w"  +  crAw+  (d"/a)w  =  0.  (16) 

The  function  a  that  modifies  the  speed  of  gravitational 
waves  is  shown  in  Fig.  7,  and  all  other  quantum-corrected 
functions,  s(a),  a  and  z,  are  known  in  terms  of  a  but  by 
rather  involved  equations.  As  one  general  consequence, 
s(a)  /  a.  We  therefore  have  different  speeds  for  differ¬ 
ent  modes,  and  obtain  corresponding  corrections  to  the 
tensor-to-scalar  ratio  as  a  characteristic  signature  of  de¬ 
formed  space-time.  For  falsifiability  of  the  theory,  it  is 
crucial  that  a  —  1  becomes  large  for  small  lattice  spac¬ 
ing  (flux  values),  while  large  lattice  spacing  implies  dis¬ 
cretization  effects  and  strong  violations  of  continuum 
physics.  Two-sided  bounds  on  the  discreteness  scale  are 
obtained,  improving  the  common  dimensional  expecta¬ 
tions  (effects  of  the  size  of  the  average  density  divided 
by  the  Planck  density)  by  several  orders  of  magnitude 
[40,  37], 

Before  we  move  on  to  the  other  types  of  quantum 
corrections,  we  discuss  the  conceptual  nature  of  quan¬ 
tum  space-time  subject  to  (12)— ( 14)  or  related  modifica¬ 
tions.  No  effective  line  element  can  exist,  for  the  metric 
and  coordinate  differentials  transform  in  non-matching 
ways,  the  metric  —  a  phase-space  function  —  accord¬ 


ing  to  modified  gauge  transformations  by  (14),  but  any 
dr  by  standard  coordinate  changes.  One  could  try  to 
find  new  differential-geometry  structures,  such  as  non- 
commutative  [41,  42]  or  fractal  ones  [43],  that  could 
provide  an  invariant  line  element  together  with  metric 
coefficients  subject  to  modified  gauge  transformations. 
But  even  without  a  concrete  space-time  model,  quantum 
space-time  is  well-defined  because  all  observables  can 
be  computed  from  (12)— ( 14)  by  canonical  methods.  (See 
[44]  for  canonical  gravity.)  Quantum  space-time  is  also 
covariant  since  the  full  gauge  algebra  is  realized,  albeit 
in  a  deformed  manner  [45],  Quantum  space-time  is  just 
not  Riemannian  space-time,  but  this  is  not  to  be  expected 
anyway  given  the  presence  of  discrete  structures. 


Quantum  back-reaction 


Higher-curvature  terms  in  effective  quantum  grav¬ 
ity  [46,  47]  modify  the  classical  dynamics,  but,  unlike 
quantum-geometry  corrections  of  loop  quantum  gravity, 
leave  the  algebra  (5)  unchanged  [48]:  they  give  theories 
in  which  the  space-time  structure  is  still  classical.  They 
can  be  derived  by  standard  methods  of  low-energy  effec¬ 
tive  actions,  in  which  a  derivative  expansion  expresses 
non-locality  by  higher  time  derivatives.  Covariance  of 
the  theory  together  with  a  Poincare-invariant  vacuum 
state,  around  which  the  low-energy  effective  action  ex¬ 
pands  the  quantum  dynamics,  imply  that  corrections  can 
only  be  by  space-time  scalars,  or  curvature  invariants  of 
increasing  order  in  the  derivative  expansion. 

Loop  quantum  gravity,  as  a  canonical  theory,  does  not 
allow  easy  applications  of  standard  low-energy  effective 
actions  which  are  often  based  on  path  integrals.  More¬ 
over,  it  is  not  clear  whether  it  has  a  Poincare-invariant 
vacuum  (or  other)  state,  or  whether  such  a  state  would 
be  the  right  base  to  expand  around  for,  say,  quantum  cos¬ 
mological  phenomena.  It  is  therefore  necessary  to  use  a 
procedure  which  is  canonical,  and  at  the  same  time  gen¬ 
eral  enough  to  encompass  different  quantum  states. 

Such  a  procedure  [31,  32]  can  be  found  by  turning 
Ehrenfest’s  equations  into  systematic  expansions.  Ehren- 
fest’s  equations  in  quantum  mechanics  express  the  rates 
of  change  of  expectation  values  of  basic  operators  in 
terms  of  other,  usually  more  complicated  expectation 
values.  For  instance,  in  quantum  mechanics  of  a  particle 
of  mass  m  in  a  potential  V  (x),  we  have 

d(*)  =  ([*,#])  =  (p)  (17) 

df  ih  m 

of  the  simple  classical  form.  The  expectation  value  of  the 
momentum,  however,  changes  to 


m 

d  t 


<v'(*)> 


(18) 


which  for  a  non-quadratic  potential  is  not  a  simple  ex¬ 
pectation  value  of  x.  One  can  formally  expand 

<v'(*)>  =  <v'«*> +  (*-<*»)> 

=  V'((x))  +  ^V",((x))(Ax)2  +  •••  (19) 

with  the  fluctuation  Ax  =  \J ((jf  —  (x))2)  and  additional 
terms  that  contain  higher  moments  ((x—  ( x))n ). 

Since  moments  of  a  quantum-mechanical  state  are  de¬ 
grees  of  freedom  independent  of  expectation  values,  the 
system  of  equations  (17)  and  (18)  is  not  closed.  How¬ 
ever,  by  the  same  procedure,  computing  expectation  val¬ 
ues  of  commutators  as  in  (17),  one  can  derive  new  evo¬ 
lution  equations  for  Ax  and  all  other  moments.  In  a  semi- 
classical  expansion,  only  finitely  many  equations  need  be 
taken  into  account  at  any  fixed  order,  making  the  system 
manageable.  Moreover,  one  can  combine  this  expansion 
with  an  adiabatic  one  in  which  moments  are  assumed 
to  vary  more  slowly  than  expectation  values.  With  these 
expansions,  as  shown  in  [31],  one  reproduces  the  usual 
low-energy  effective  action  [49]  for  anharmonic  systems. 
Higher  orders  in  the  adiabatic  expansion  provide  higher- 
derivative  terms  [33]. 

The  procedure  sketched  is  the  right  basis  to  derive  ef¬ 
fective  actions  for  canonical  quantum  systems.  However, 
an  application  to  quantum  gravity  requires  additional  ex¬ 
tensions,  most  importantly  one  to  include  constraints  or 
gauge  properties,  and  to  address  the  problem  of  time  in 
the  absence  of  an  absolute  evolution  parameter  such  as 
the  one  used  in  (17).  Also  this  extension  is  available  at 
the  canonical  level  [50,  51,  52]  and  allows  one  to  solve 
the  problem  of  time,  at  least  semiclassically  [53,  54,  55], 
One  could  apply  these  techniques  to  a  quantum  version 
of  the  algebra  (3)-(5),  whose  symmetry  generators  in  the 
gauge  theory  of  gravity  are  constraints.  However,  a  last 
ingredient  required  for  a  successful  implementation  is 
still  being  developed:  a  generalization  of  canonical  quan¬ 
tum  mechanical  effective  methods  to  quantum  field  the¬ 
ories. 

At  present,  it  is  therefore  difficult  to  include  quan¬ 
tum  back-reaction  in  the  algebra  (5)  to  see  how  it  could 
be  corrected.  One  expects  higher  time  derivatives  to 
arise  from  these  corrections,  as  has  been  established  for 
quantum-mechanical  systems  [33],  and  therefore  quan¬ 
tum  back-reaction  contributes  to  higher-curvature  terms. 
If  the  corrections  are  purely  higher  curvature,  they  do  not 
change  the  hypersurface-deformation  algebra.  But  com¬ 
mon  low-energy  arguments  stating  that  effective  quan¬ 
tum  back-reaction  in  gravity  is  of  higher-curvature  form 
assume  that  there  is  a  Poincare-invariant  vacuum  state  to 
be  expanded  around.  In  non-perturbative  quantum  grav¬ 
ity,  especially  one  with  a  discrete  spatial  structure  such 
as  loop  quantum  gravity,  it  is  unlikely  that  there  is  any 
exactly  Poincare-invariant  state.  Standard  arguments  for 


higher-curvature  effective  actions  then  break  down,  and 
in  addition  to  curvature  invariants  there  may  well  be 
other  terms  that  modify  the  algebra  (5),  reflecting  new 
space-time  structures  in  the  presence  of  discreteness. 

It  is  possible  for  quantum  back-reaction  to  modify  (5) 
and  compete  with  the  quantum-geometry  corrections  of 
loop  quantum  gravity.  Inverse-triad  corrections  do  not  re¬ 
fer  directly  to  the  density  or  curvature  scale  and  are  there¬ 
fore  safe  from  competition  by  quantum  back-reaction; 
they  can  be  discussed  separately  and  bounded  observa- 
tionally.  But  holonomy  corrections  always  compete  with 
higher-curvature  terms. 

Any  holonomy  modification  of  (5)  could,  in  princi¬ 
ple,  be  undone  by  modifications  due  to  quantum  back- 
reaction.  However,  a  more  detailed  look  at  how  quantum 
back-reaction  in  constrained  systems  arises  shows  that 
whatever  modification  may  be  present,  it  cannot  remove 
all  possible  modifications  by  holonomy  corrections.  The 
reason  for  this  is  the  form  of  degrees  of  freedom.  Holon¬ 
omy  corrections  change  even  the  dependence  of  Hamil¬ 
tonian  (constraints)  on  expectation  values;  they  are  modi¬ 
fications  of  the  classical  dynamics  motivated  by  quantum 
geometry.  Quantum  back-reaction  gives  rise  to  correc¬ 
tions  that  depend  on  moments  of  a  state,  as  in  (19).  If  one 
computes  Poisson  brackets  of  constraints  corrected  by 
quantum  back-reaction,  all  correction  terms  will  still  de¬ 
pend  on  moments  after  taking  the  Poisson  bracket:  Mo¬ 
ments  are  based  on  polynomial  expressions  in  x  and  p, 
at  least  of  second  degree,  and  the  Poisson  bracket  of  two 
polynomials  of  degree  at  least  two  is  always  a  polyno¬ 
mial  of  degree  at  least  two.  Quantum  corrections  of  (5) 
due  to  quantum  back-reaction  will  therefore  contain  mo¬ 
ments,  while  those  due  to  holonomy  corrections  do  not. 

Quantum  back-reaction  can  cancel  holonomy  modi¬ 
fications  only  for  special  states  in  which  moments  are 
strictly  related  to  expectation  values  in  a  specific  way. 
Generically,  these  corrections,  even  though  their  mag¬ 
nitudes  are  similar,  provide  different  terms  that  do  not 
cancel  each  other.  Even  in  the  absence  of  consistent  ver¬ 
sions  of  (5)  that  include  quantum  back-reaction,  it  re¬ 
mains  meaningful  to  study  holonomy  corrections  and  use 
their  implications  for  quantum  space-time  structure,  in 
the  same  spirit  as  already  discussed  for  inverse-triad  cor¬ 
rections. 


Holonomy  corrections  and  signature  change 

Holonomy  corrections  give  rise  to  a  difference  equa¬ 
tion  (1)  for  the  wave  function,  and  imply  strong  modifi¬ 
cations  at  high  density.  However,  quantum  back-reaction 
and  higher-curvature  corrections  are  both  significant  in 
the  same  regime,  and  therefore  the  high-curvature  be¬ 
havior  of  loop  quantum  cosmology  remains  uncertain. 


It  is,  however,  clear  that  holonomy  corrections  imply 
drastic  effects  on  quantum  space-time.  The  hypersurface- 
deformation  algebra  with  holonomy  corrections  is  not 
completely  known,  but  all  cases  that  have  been  computed 
so  far  give  the  same  structure  [17,  18,  19]: 

[S(wi),S(w2)]  =  S((w2  •  V)v?i  —  (vvi  •  V)vv2X20) 
[T(N),S{w)]  =  T  (w  ■  VjV)  (21) 

[r(M),r(Af2)]  =  S(p{NiVN2-N2VNi))  (22) 

with  a  correction  function  p  that  satisfies  p  <  0  at 
high  density  (the  putative  “bounce”  of  simple  models). 
With  modifications  as  in  (2),  we  have  j3  =  cos(2 £H) 
in  terms  of  the  Hubble  parameter.  Notice  that  inhomo¬ 
geneities,  although  they  must  be  present  to  have  a  non¬ 
trivial  derivation  of  the  algebra  (22),  are  not  the  reason 
for  the  modification  by  ft .  The  reason  is  holonomy  mod¬ 
ifications,  which  already  appear  for  homogeneous  back¬ 
ground  evolution.  Inhomogeneity  is  merely  used  to  show 
non-trivial  space-time  effects,  as  the  right-hand  side  of 
(20)-(22)  vanishes  identically  for  homogeneous  N  and 
w. 

A  negative  p,  for  instance  p  =  1  at  high  density, 

means  that  constructions  such  as  those  in  Fig.  5  lead  to 
intransigent  motion  with  Ax  =  —  vA t,  a  displacement  op¬ 
posite  to  the  velocity.  A  geometrical  interpretation  is  now 
more  meaningful:  A  negative  p  implies  that  the  space- 
time  signature  becomes  Euclidean  [12],  as  can  be  seen 
by  comparing  Fig.  5  with  the  Euclidean  version  Fig.  9. 
Indeed,  if  one  computes  cosmological  perturbation  equa¬ 
tions  analogous  to  (15)  and  (16),  as  done  in  [19,  56],  the 
positive  a2  is  replaced  by  p.  giving  rise  to  an  elliptic  dif¬ 
ferential  equation  when  P  <  0.  (Holonomy  corrections, 
so  far,  do  not  lead  to  different  parameters  p  and  ,v  ( p ) 
for  the  independent  modes  of  cosmological  perturbation 
equations.)  The  same  effect  happens  when  inhomogene¬ 
ity  is  treated  non-perturbatively  in  spherically  symmet¬ 
ric  models  [17],  where  it  can  be  shown  to  be  largely  in¬ 
sensitive  to  quantization  ambiguities  [12].  With  signature 
change  at  high  density,  the  cosmological  scenario  of  loop 
quantum  cosmology  is  not  a  bounce,  but  is  reminiscent 
of  the  Hartle-Hawking  picture,  now  derived  as  a  conse¬ 
quence  of  quantum  space-time  structure  in  the  presence 
of  holonomy  corrections. 

MULTIVERSE? 

In  view  of  these  new  results,  we  must  revise  our  mul- 
tiverse  scenario  sketched  in  the  beginning  of  this  arti¬ 
cle,  based  on  cosmological  bounces.  (See  also  [57].)  We 
observed  that  inhomogeneous  collapse  combined  with  a 
transition  to  expansion  (a  “bounce”)  may  lead  to  causally 
disconnected  regions,  expanding  within  a  larger  multi- 
verse.  Inhomogeneity  of  this  type  is  extremely  hard  to 


FIGURE  9.  Holonomy  corrections  at  high  density  imply  a 
sign  reversal  in  the  correction  function  of  (22).  The  construc¬ 
tions  of  Fig.  5  would  indicate  Ar  =  —vAt,  with  reversed  dis¬ 
placement  arrows.  A  better  geometrical  explanation  of  the  re¬ 
versed  sign  and  arrows  is  signature  change:  Redrawing  Fig.  5 
with  right  angles  according  to  Euclidean  geometry,  as  shown 
here,  implies  the  same  reversal  of  spatial-displacement  arrows 
as  follows  from  a  reversed  sign  in  (22). 


control  with  present-day  non-perturbative  quantum  grav¬ 
ity,  but  good  effective  methods  are  now  available  to  help 
us  understand  the  relevant  space-time  structure.  Loop 
quantum  gravity,  it  turns  out,  implies  radical  modifica¬ 
tions  at  Planckian  densities,  with  a  quantum  version  of 
4-dimensional  Euclidean  space  instead  of  space-time. 

In  Euclidean  space,  initial-value  problems  are  ill- 
posed  and  there  is  no  propagation  of  structure  from  col¬ 
lapse  to  expansion,  as  assumed  in  bounce  models.  Ex¬ 
panding  patches  that  may  result  are  causally  discon¬ 
nected  not  just  from  their  surrounding  space-time,  but 
also  from  their  predecessor  which  was  collapsing.  In¬ 
stead  of  a  bounce,  loop  quantum  cosmology,  once  inho¬ 
mogeneity  is  taken  into  account  consistently,  gives  rise 
to  a  non-singular  beginning  of  the  expanding  Lorentzian 
phase  we  can  observe.  The  transition  from  Euclidean  to 
Lorentzian  signature,  when  p  =  0,  is  a  natural  place  to 
pose  initial  conditions,  for  instance  for  an  inflaton  state. 
These  initial  values  are  unaware  of  what  happened  in  the 
collapse  phase,  so  that  the  picture  of  dense  collapsing 
patches  bouncing  first  is  not  realized. 

The  new  signature-change  of  loop  quantum  cosmol¬ 
ogy  shares  with  bounces  the  combination  of  collapse 
with  expansion,  but  the  collapse  phase  does  not  de¬ 
terministically  affect  the  expansion  phase.  As  a  conse¬ 
quence,  there  is  no  entropy  problem  because  no  com¬ 
plete  information  is  transmitted  through  high  densities. 
And  yet,  the  model  is  non-singular  [58]. 

One  may  still  view  the  possible  collection  of  expand¬ 
ing  universes  within  one  space(-time),  combining  Eu¬ 
clidean  and  Lorentzian  pieces,  as  a  multiverse.  However, 
any  causal  contact  realized  is  even  weaker  than  what  is 
usually  possible  in  multiverses,  and  it  may  seem  more 
appropriate  to  talk  of  separate  universes  instead  of  one 


however  connected  larger  structure.  Each  of  these  ex¬ 
panding  patches  has  its  own  beginning  when  space-time 
emerges  by  signature  change  from  4-dimensional  space, 
giving  it  a  clear  status  as  a  universe  of  its  own. 
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